A homogeneously saturated equation for the time development of the price of a financial asset is presented and investigated for the pricing of European call options using noise that is distributed as a Student's t−distribution. In the limit that the saturation parameter of the equation equals zero, the standard model of geometric motion for the price of an asset is obtained. The homogeneously saturated equation for the price of an asset is similar to a simple equation for the output of a homogeneously broadened laser. The homogeneously saturated equation tends to limit the range of returns and thus seems to be realistic.
Introduction
In a Langevin approach, the equation for the time development of the value of an asset 20 from a homogeneously saturated model is 21 d d t S(t) = α S(t) + σ S(t) f (t) 1 + β S(t) .
In the development of the Eq. (1), a reservoir for money was assumed and the noise was 22 ascribed to fluctuations in the amount of money available to invest in the asset. This is 23 consistent with market microstructure studies [3] [4] [5] [6] . In these studies, it was revealed that 24 the order book for the market is sparse, that price jumps occur when the orders are filled 25 across gaps in the order book, that the stability of markets relies on a delicate balance 26 between supply and demand, and that the need to store supply and demand to enable 27 trading leads to structure in the pricing. These studies show elements of a reservoir, of a 28 coupling between price and supply, and of fluctuations in the money available in the order 29 book causing fluctuations in the price, similar to the phenomenological elements that lead 30 to a homogeneously broadened equation for the price of an asset.
31
The value of the asset at time t, S(t), is found through solution of the Langevin equation e β (S(t) − So) ,
a transcendental equation that can be solved for S (t) given α, β, S o , and W (t) = t 0 σf (η) dη.
34
The simple dependence on the stochastic process W (t) makes simulation straight forward. 
If the noise driving term f (t) is a normally distributed process, then the solution to the 39 standard model is geometrical Brownian motion.
40
The standard model is obtained from the homogeneously saturated equation in the limit 41 that the saturation parameter β equals zero.
42
Numerous revert-to-mean models for the time development of the price of an asset, of volatility, and of interest rates have been put forth and analyzed. Anteneodo It is doubtful that a simple revert-to-mean feature is of much benefit when the noise 48 driving term is drawn from a fat tailed distribution. The standard model implicitly has a 49 revert-to-mean feature; a revert-to-mean value of zero, which is the mean value of the noise 50 distribution and which is implicit in each model. If the noise drives the output to a large 51 value with a revert-to-mean of zero, then the noise will also drive the output to a large value 52 when the revert-to-mean value is finite and non-zero. Anteneodo 
88
In this paper, time is represented by t and the 't' in the Student's t−distribution is set 89 in bold. . The same set of random numbers were used each β to give the same standard deviation for S(t). This was done to enable comparison.
107
The standard deviation of the daily returns is observable. The noise required to achieve the 108 observed standard deviation is not known a priori in the homogeneously saturated equation.
109
For the simulations reported in Table 1 
117
Also given in the Table 1 
133
Note that there is minimal noise rectification (i.e., the mean value for S(t) does not have 134 an exp(+σ 2 /2) enhancement) for a heavily saturated system, and that the homogeneously input parameters chosen to demonstrate the differences, is given in Sec. 4.
143
The rows of Table 1 
178
In this work the n-day per mille return R n (t) has been defined as 1000×(S(t+n)/S(t)−1) common n-day return of ln(S(t + n)/S(t)). Both definitions of the n-day return give the 182 same answer for small deviations of S(t + n) about S(t), as can be observed in Fig. 4 . For 183 small changes, ln(S(t + n)/S(t)) = ln(S(t)(1 + ε)/S(t)) = ln(1 + ε) ≈ ε − ε 2 /2 + ε 3 /3 and to 184 first order, the logarithmic return is linear in ε. There are several reasons for preferring the does not give returns < −100%, and thus seems preferable to the logarithmic definition.
197
In this work the volatility was taken as the scale parameter for the underlying distribution. 
where f t (ξ, ν, b) dξ gives the probability of obtaining a value in the range ξ to ξ + dξ for a Table 2 gives descriptive statistics and best fit parameters for per mille linear returns for 237 the S&P 500 index from 3 January 1950 to 27 July 2011.
238
The uncertainties for the scale parameters are larger for fits to the Student's t−distributions 12.6 ± 3 12.0 ± 3 scale (b) 6.06 ± 0.3 34.7 ± 3 50.4 ± 4 73.9 ± 11 98 ± 11 location 0.46 ± 0.1 9.0 ± 0.6 16.9 ± 0.8 34.2 ± 1 45.8 ± 2 normal scale (σ) 7.3 ± 0.9 38.5 ± 0.4 54.5± 0.9 79.2 ± 0.7 104.6 ± 1 location 0.42 ± 0. The tic-by-tic returns will be described by distributions with small shape parameters, i.e., Table 3 gives C o , the price of an n-day European call option, as determined from the solution hand column. For all the pricing, the best fit parameters obtained for the fits to the S&P 274 500 data were used. These best fit parameters are given in the bottom portion of Table 2 in   275 Sec. 3. To calculate prices, the following values were assumed: the price of the asset at time 276 zero S o = $50.00; the strike price at time T = n days K T = $49.00; one year was taken as 277 252 days; and, the risk free rate r = 0.03 per year.
278
The expectation E{max(S T − K T , 0)} was calculated by numerical integration to obtain 279 C T = exp(r × T /252) C o for a T -day option. Monte Carlo simulation yielded similar results.
280
The pdf was divided into 1000 sections of equal area between 10 −3 and 0.999, and was Table 1 . The pdf for S T was obtained by using the defining equation and at an expiry time T . The value of the subscript T has no bearing on the solution to the 291 price. The subscript T indicates the shape of the pdf to associate with the price.
292
The values for C o in Table 3 show a dependence on β, with C o decreasing with an increase 293 of β and the effect becoming more pronounced as n of n-day increases. These dependencies Values for C o calculated using the best-fit t−distributions are greater than the prices distribution of the prices of the underlying stock followed a Student's t−distribution.
310
Values for C o were also found for numerical integration of the S&P 500 returns, in contrast 311 to numerical integration of the best-fit distribution. These values are listed in Table 4 along The homogeneously saturated equation for the time development of the price of an asset 348 has some interesting and realistic features. In the limit that a saturation parameter β, which 349 is a measure of the strength of the coupling of the reservoir and price of the asset, equals 350 zero, the standard equation for the time development of the price of an asset is obtained.
351
The solution to the standard equation is geometric motion, or geometric Brownian motion,
352
if the noise forcing term σf (t) follows normal statistics.
353
The solution to the homogeneously saturated equation tends, through the saturation In this Appendix, rate equations for a reservoir of money M(t) that is available to invest in an 370 asset with price S(t) and for the time development of the price of the asset are constructed.
371
The rate equations are written as Langevin equations, which are first order differential equa- identical to solutions found by Ito's calculus [20] .
375
Let M (t) be the amount of money that is available to invest in an asset. Let N be 376 the rate at which money is pumped into the reservoir of money M (t) that can be used to 377 purchase the asset and let β/τ ×M (t)×S (t) be the rate that money is removed from the 378 reservoir owing to purchases of the asset. Let τ be a characteristic time constant that allows 379 for money to be removed or added to the reservoir, depending on whether M (t) is greater 380 than or less than some value M o . Allow for a noise driving term σ/τ f (t).
381
A rate equation for M (t) is then
All parameters in the rate equation have a time dependence, but it is assumed that these S(t) = (α + σ f (t)) 1 + β S(t) .
In the last form for M (t) the symbol α has been defined. The equation for the time 386 development of the value of an asset becomes 387 d d t S(t) = M(t) S(t) = α S(t) + σ S(t) f (t) 1 + β S(t) .
In this approach the noise is ascribed to fluctuations in the amount of money available 388 to invest in the asset. The value at time t of an asset under this homogeneously saturated 389 approach is S(t), the solution to Eq. (2).
390
Note that the interaction between the reservoir and the rate that money left the reservoir 391 was defined as β/τ where τ is a characteristic time constant of the reservoir. This definition 392 defines β in terms of a characteristic time τ of the system and suggests that a reasonable 393 value for β might be of order unity.
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